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ON SUBGROUPS OF FIRST HOMOLOGY
SAMUEL M. CORSON
Abstract. We prove several new theorems regarding first homology. Some
dichotomies for first homology of Peano continua are presented, as well as
a notion of strong abelianization for arbitrary path connected metric spaces.
We also show that the fundamental group of the Hawaiian earring has Borel
subgroups of almost all multiplicative and additive types.
1. Introduction
Much of the recently developed theory for fundamental groups of path connected
Polish spaces can be used in studying the first singular homology of such spaces.
One or two results in this vein have already been explored (see [CoCo]). The purpose
of this note is to present deeper explorations in the study of first homology. We
describe the organization of this note.
In Section 2 we will present some of the preliminary definitions and tools that will
be used in our study. The notion of analytic subgroup of the fundamental group will
be reviewed, as well as statements of theorems that will be used. In Section 3 we will
present the main dichotomy theorems concerning first homology of Peano continua
(locally path connected, path connected metrizable compact spaces). Among these
theorems is the following (with Torfree(A) denoting A/Tor(A)):
Theorem A. Let X be a Peano continuum. If card(Torfree(H1(X))) < 2
ℵ0 then
H1(X) is a direct sum of cyclic groups and Tor(H1(X)) is of bounded exponent.
In Section 4 we introduce a very natural definition of strong abelianization of
the fundamental group. Some desirable properties of this definition are established
(functoriality over countable products and shrinking wedges).
In Section 5 we show that the Hawaiian earring E has normal subgroups of
all but a couple of the multiplicative and additive Borel pointclasses, as well as a
normal subgroup that is analytic and not Borel. In particular we show:
Theorem B. The fundamental group π1(E) has normal subgroups of the following
types:
(1) true Σ0γ for ω1 > γ ≥ 2
(2) true Π0γ for each ω1 > γ ≠ 2
(3) true analytic
This is done by demonstrating a correspondence with the fundamental group of the
infinitary torus, whose fundamental group is abelian and therefore isomorphic to
its first homology.
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2. Preliminaries
We introduce some of the terminology and notation for this paper, assuming some
familiarity with the first fundamental group, π1. Let (X,d) be a path connected
metric space and x ∈ X . Let Lx denote the set of all loops based at x and metrize Lx
by letting the distance between loops l0 and l1 be given by sups∈[0,1] d(l0(s), l1(s)).
Where there are several spaces in the context we add a second subscript, Lx,X ,
to emphasize the space in which x lies. Let ∗ denote the concatenation operation
for loops, so that by definition [l0][l1] = [l0 ∗ l1] for [l0], [l1] ∈ π1(X,x). If X is
separable (respectively a complete metric space) then Lx is separable (completely
metrized by the sup distance function).
We say a subgroup G ≤ π1(X,x) is P provided ⋃G is a P subset of Lx, where
P is some topologically defined predicate. In other words G is open, closed, Borel,
etc. provided the set of loops of G, ⋃G, is respectively open, closed, Borel, etc. in
the loop space. Recall that a Polish space is a separable, completely metrizable
space. As was noted, if X is Polish then so is Lx. If Z is Polish we say that Y ⊂ Z is
analytic if there exists a Polish space W and continuous function f ∶W → Z such
that f(W ) = Y . All Borel subsets of a Polish space are also analytic, and the class of
analytic sets is closed under countable unions, countable intersections, continuous
images in a Polish space and continuous preimages. The following lemma combines
the statements of Lemmas 3.3-5 and Theorems 3.12, 3.13 and C from [Co]:
Lemma 1. The following hold:
(1) If X is path connected Polish and K ⊂ Lx is analytic then the set [K] ⊂ Lx
of loops homotopic to an element of K is analytic, and the generated sub-
group ⟨[K]⟩ and the normal generated subgroup ⟨⟨[K]⟩⟩ are both analytic
as subgroups of π1(X,x).
(2) If X is a path connected, locally path connected Polish space and G ⊴
π1(X,x) is analytic then either card(π1(X,x)/G) ≤ ℵ0 (in case G is open)
or card(π1(X,x)/G) = 2
ℵ0 (in case G is not open).
(3) IfX is a Peano continuum andG ⊴ π1(X,x) is analytic then either π1(X,x)/G
is finitely generated (in case G is open) or of cardinality 2ℵ0 (in case G is
not open).
(4) If X is a Peano continuum there does not exist a strictly increasing sequence
{Gn}n∈ω of normal analytic subgroups of the fundamental group such that
π1(X,x) = ⋃n∈ωGn.
The following is a consequence of Lemma 3.14 in [Co]:
Lemma 2. Suppose X is a Peano continuum and N ⊴ π1(X,x) is such that ⋃N =
⋃
∞
n=0Nn with each set Nn closed under inverses and homotopy and containing the
trivial loop, and Nn ∗Nm ⊆ Nn+m. If each Nn is analytic and for each n ∈ ω there
exist loops at x of arbitrarily small diameter not contained in Nn, then π1(X,x)/N
is of cardinality 2ℵ0 .
Recall the Hurewicz homomorphism h ∶ π1(X,x) → H1(X) which takes a loop
to its homology class. Provided X is path connected (which will be our assumption
throughout this note) the map h is onto and the kernel of h is the commutator
subgroup [π1(X,x), π1(X,x)], and so H1(X) is isomorphic to the abelianization
of the fundamental group. It is known that if X is path connected Polish then
[π1(X,x), π1(X,x)] is an analytic subgroup of π1(X,x) (see [CoCo] or [Co]).
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3. Structure theorems
We present some structure theorems regarding H1(X) where X is a Peano con-
tinuum. We mention that a couple of these results have slight generalizations to
path connected locally, path connected Polish spaces (obtained by applying Lemma
1 part (2) rather than part (3)). In particular, one has modifications of Theorems
6 and 7 which assume X is a path connected, locally path connected Polish space
and conclude that the quotient mentioned in the theorem is either of cardinality
≤ ℵ0 or 2ℵ0 .
The following theorem appeared in [CoCo]:
Theorem. If X is a path connected, locally path connected Polish space then
H1(X) is either of cardinality ≤ ℵ0 or 2ℵ0 . In case such an X is also compact, then
H1(X) is either a finite direct sum of cyclic groups or of cardinality 2
ℵ0 .
The upshot of the proof of this result is that H1(X) is uncountable precisely
when X has arbitrarily small loops which are not nulhomologous. We give a the-
orem which can be interpreted as a type of small loop compactness, first giving a
definition:
Definition 3. Recall that given a group G and g ∈ G the commutator length of
g, which we will denote cl(g), is the smallest number n such that g can be written as
a product of n commutators. We write cl(g) =∞ in case g is not in the commutator
subgroup of G.
Theorem 4. If X is a Peano continuum with H1(X) of cardinality < 2
ℵ0 then
there exists ǫ > 0 and N ∈ ω such that any loop of of diameter less than ǫ is of
commutator length ≤N .
In other words, if there exist arbitrarily small loops of arbitrarily long com-
mutator length, then card(H1(X)) = 2
ℵ0 . Thus arbitrarily small loops of infinite
commutator length exist whenever there are arbitrarily small loops of arbitrarily
large commutator length.
Proof. Suppose the conclusion fails. We may then pick a sequence of loops {ln}n∈ω
such that diam(ln) ≤ 2
−n and the commutator length of [ln] ∈ π1(X,xn) is greater
than n. As X is compact and locally path connected, we may pass to a subsequence
if necessary and assume that all loops are based at the same point, say x. Letting
Nn be the set of all loops at x which are of commutator length at most n, we have
that ⋃[π1(X,x), π1(X,x)] = ⋃n∈ωNn. It is clear that Nn ∗Nm ⊆ Nm+n and so we
shall be done by Lemma 2 if we show that the set Nn of products of n or fewer
commutators is analytic.
To see that Nn is analytic we let f ∶∏2n Lx → Lx be the map
f(l0, l1, . . . , l2n−1) = l0 ∗ l1 ∗ (l0)
−1 ∗ (l1)
−1 ∗⋯∗ l2n−2 ∗ l2n−1 ∗ (l2n−2)
−1 ∗ (l2n−1)
−1
and notice that [f(∏2nLx)] = Nn and we are done by Lemma 1 part (1). 
We move on to some other structure theorems for first homology of a Peano
continuum. If A is an abelian group let Tor(A) denote the subgroup of A consisting
of the torsion elements. Let Torfree(A) denote the quotient A/Tor(A). It is not
always the case that Tor(A) is a direct summand, even if A = H1(X) for some
Peano continuum X , by the following example (adapted from an example in [Fu]):
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Example 1. Let P be the set of primes and for each p ∈ P let Xp be a Peano
continuum with fundamental group isomorphic to Z/p. Then X = ∏p∈P Xp has
fundamental group isomorphic to ∏p∈P Z/p, so H1(X) ≃ ∏p∈P Z/p as well.
Suppose a ∈ ∏p∈P Z/p is torsion. If the p coordinate of a is nonzero then p
divides the order of a, so in particular a must have finite support. Conversely
any finite supported element is torsion, so Tor(∏p∈P Z/p) = ⊕p∈P Z/p. Now for
a = (1,1,1, , . . .) ∈ ∏p∈P Z/p we have that for any n ∈ ω there exists b ∈ ∏p∈P Z/p
such that bn = a in ∏p∈P Z/p/⊕p∈P Z/p. This is seen by letting b(p) be such that
b(p)n = 1 mod p for all p that do not divide n and b(p) = 0 otherwise. In ∏p∈P Z/p
there is no nontrivial element which has all roots (for example a p-th root would
not exist if the p-th coordinate is not zero). Thus ⊕p∈P Z/p cannot be a direct
summand.
Theorem 5. If X is a Peano continuum then Torfree(H1(X)) is a finite rank free
abelian group or of cardinality 2ℵ0 .
Proof. It suffices to show that the kernel of the map
φ ∶ π1(X)→H1(X)/Tor(H1(X))
is analytic. Notice that l ∈ ⋃ker(φ) if and only if (∃n ∈ ω∖{0})[ln ∈ ⋃[π1(X), π1(X)]].
Since ⋃[π1(X), π1(X)] is analytic and each map l ↦ ln is continuous we have that
ker(φ) is a countable union of continuous preimages of analytic sets, and is there-
fore analytic. If Torfree(H1(X)) is not of cardinality 2
ℵ0 we know it is a finitely
generated torsion-free group, and therefore free abelian of finite rank. 
In case Torfree(H1(X)) is a finite rank free abelian group we get the splitting
of the short exact sequence of abelian groups:
0→ Tor(H1(X))→H1(X)→ Torfree(H1(X))→ 0
so that H1(X) ≃ Tor(H1(X))⊕⊕nm=0 Z.
Recall that a torsion group is a p-group if the order of every element is divisible
by p. A basic fact about torsion abelian groups is the following (Theorem 2.1 in
[Fu]):
Theorem. Every abelian torsion group A may be decomposed into a direct sum of
the p-groups Ap ≤ A where Ap is the subgroup of elements whose order is divisible
by p.
Theorem A. Let X be a Peano continuum. If card(Torfree(H1(X))) < 2ℵ0 then
H1(X) is a direct sum of cyclic groups and Tor(H1(X)) is of bounded exponent.
Proof. Let P = {p0, p1, . . .} be the set of prime numbers. Notice that for each
prime p the p-subgroup H1(X)p ≤H1(X) is such that [l] ∈ π1(X) maps to H1(X)p
if and only if (∃k ∈ ω)[lp
k
∈ ⋃[π1(X), π1(X)]]. Then the kernels of each of the
maps φp ∶ π1(X) → H1(X)/H1(X)p are analytic subgroups. Writing H1(X) ≃
Tor(H1(X)) ⊕⊕km=0 Z we select loops l0, . . . , lk such that [lk] generates the k-th
copy of Z in ⊕km=0 Z. Then the map π1(X)→ H1(X)/⊕
k
m=0 Z has kernel which is
precisely ⟨{[l0], . . . , [ln]} ∪ [π1(X), π1(X)]⟩, and so this kernel is also analytic.
Now the kernels of the maps
π1(X)→H1(X)/(
k
⊕
m=0
Z⊕H1(X)p0 ⊕⋯⊕H1(X)pj)
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are all analytic, and their union letting j → ∞ is all of π1(X). Thus by Lemma
1 part (4) we know this ascending sequence eventually stabilizes. Then we have
H1(X) ≃ ⊕km=0 Z ⊕H1(X)p0 ⊕⋯⊕H1(X)pj for some j ∈ ω. For a torsion abelian
group A write Apq for the subgroup of those elements whose order divides p
q, where
p is a prime. We similarly have that the kernels of the maps
π1(X)→H1(X)/(
k
⊕
m=0
Z⊕H1(X)pq
0
⊕H1(X)p1⋯⊕H1(X)pj)
are analytic for all q ∈ ω ∖ {0}. The union of all these subgroups is the whole of
π1(X), so the sequence must stabilize. Proceeding similarly for p1, p2, etc., we get
that Tor(H1(X)) is a finite direct sum of p-subgroups, each of bounded power.
Thus Tor(H1(X)) is a torsion group of bounded power, and so is a direct sum of
cyclic groups by a theorem of Pru¨fer (see [Fu] Theorem 11.2). 
A theorem of Kulikov (see Theorem 12.2 of [Fu]) states that subgroups of direct
sums of cyclic groups are direct sums of cyclic groups. Thus if card(Torfree(H1(X)))
< 2ℵ0 we see that H1(X) has no nontrivial divisible subgroup (a group is divisible
if each element has n-th roots for every n ∈ ω ∖ {0}).
Since the divisible abelian groups are injective, each torsion-free abelian group
A decomposes as a direct sum A = Div(A)⊕Red(A) where Div(A) is the maximal
divisible group in A and R is a reduced subgroup (i.e. contains no nontrivial
divisible subgroups.) The reduced subgroup is not necessarily unique as a subgroup
of A, but is unique up to isomorphism as it is isomorphic to A/Div(A).
Theorem 6. If X is a Peano continuum then Red(Torfree(H1(X))) is either a
free abelian group of finite rank or of cardinality 2ℵ0 .
Proof. By Lemma 1 part (3) we need only show that the kernel K of the map
π1(X) → Red(Torfree(H1(X))) is analytic. We have already seen that the kernel
K1 of the map π1(X) → Torfree(H1(X)) is analytic. Now l is in ⋃K if and only
(∀n ∈ ω ∖ {0})(∃l1 ∈ Lx)[(l1)nl−1 ∈ ⋃K1]. Then K is an analytic subgroup as a
countable intersection of countinuous preimages of analytic subsets of Lx. 
From Example 1 where π1(X) ≃ ∏p∈P Z/p we know each element of the group
Torfree(H1(X)) is divisible, by the same explanation as given for (1,1, . . .). Thus
Torfree(H1(X)) is a torsion-free divisible group of cardinality 2
ℵ0 . Thus by con-
sidering Torfree(H1(X)) as a vector space over Q we may select a basis, so that
Torfree(H1(X)) ≃ ⊕2ℵ0 Q. In this case the reduced summand of Torfree(H1(X))
is trivial, and by taking a product of X with a finite dimensional torus T n we easily
get that Torfree(H1(X ×T n)) ≃⊕2ℵ0 Q⊕∏
n−1
i=0 Z. By taking the product of X with
the infinite torus T∞ we get Torfree(H1(X × T n)) ≃ ⊕2ℵ0 Q ⊕∏n∈ω Z, so all cases
of Theorem 6 obtain.
Given an abelian group A there is a largest quotient A/B with no nontrivial
infinitely divisible elements, i.e. elements a ≠ 0 such that for some b ∈ A/Bwe have
nb = a in A/B for infinitely many n ∈ ω. To see this, let S0 be the set of infinitely
divisible elements in A. Let S1 be the set of those elements in A which map under
the quotient map A→ A/⟨S0⟩ to an infinitely divisible element. In general let Sα+1
be the set of those elements which map to an infinitely divisible element under the
quotient map A ↦ A/⟨Sα⟩ and Sβ = ⋃α<β Sα for β a limit ordinal. It is clear that
S0 ⊆ ⟨S0⟩ ⊆ S1 ⊆ ⟨S1⟩ ⊆ ⋯. The process must stabilize eventually since A is a set,
say at step β. The subgroup B = ⋃α<β⟨Sα⟩ is evidently such that A/B has no
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infinitely divisible elements and any homomorphism to an abelian group with no
infinitely divisible elements must evidently contain B. Let InfFree(A) denote this
maximal quotient with no infinitely divisible elements.
For the next result we state Theorem 4.4 in [CC]:
Theorem. Let X be a topological space, let φ ∶ π1(X,x0) → L a be a homomor-
phism to the group L, U0 ⊇ U1 ⊇ ⋯ be a countable local basis for X at x0 and Gi
be the image of the natural map of π1(Ui, x0) into π1(X,x0). If L is of cardinality
< 2ℵ0 and abelian with no infinitely divisible elements then φ(Gn) = 0 for some
n ∈ ω.
Theorem 7. If X is a Peano continuum with card(InfFree(H1(X))) < 2ℵ0 then
InfFree(H1(X)) is a free abelian group of finite rank.
Proof. The homomorphism π1(X) → InfFree(H1(X)) is, by the previously stated
theorem, such that given any point x ∈X there is a neighborhood Ox such that any
loop in Ox maps trivially under the map. This implies that the kernel is open (see
Lemma 2.8 in [Co]), and so InfFree(H1(X)) is a finitely generated abelian group
with no torsion by Lemma 1 part (3). 
We conclude this section with a dichotomy theorem on the number of homomor-
phisms to minimal countable fields.
Theorem 8. If X is a Peano continuum then Hom(π1(X),Z/p) is either finite or
of cardinality 22
ℵ0
and Hom(π1(X),Q) is either countable or of cardinality 2
2
ℵ0
.
Proof. Notice that the set {lp ∶ l ∈ Lx} is an analytic set in Lx as the continuous
image of Lx. The subgroup ⟨[{l
p ∶ l ∈ Lx}] ∪ [π1(X), π1(X)]⟩ is analytic, being
generated by two analytic sets. Any homomorphism π1(X) → Z/p must factor
through a homomorphism π1(X)/⟨[{l
p ∶ l ∈ Lx}] ∪ [π1(X), π1(X)]⟩ → Z/p. Thus
the homomorphisms π1(X)→ Z/p are in correspondence with the homomorphisms
π1(X)/⟨[{l
p ∶ l ∈ Lx}] ∪ [π1(X), π1(X)]⟩ → Z/p. The group π1(X)/⟨[{lp ∶ l ∈
Lx}]∪[π1(X), π1(X)]⟩ is a vector space over Z/p, so we may pick a basis and write
π1(X)/⟨[{lp ∶ l ∈ Lx}] ∪ [π1(X), π1(X)]⟩ ≃⊕T Z/p. By Lemma 1 part (3) we know
T is either finite or of cardinality 2ℵ0 . In case T is finite, there are finitely many
homomorphisms from ⊕T Z/p to Z/p, and in case T is of cardinality 2ℵ0 there are
22
ℵ0
many.
For the claim regarding Q we notice that any homomorphism π1(X) → Q must
factor through Torfree(H1(X)). We have seen that Torfree(H1(X)) is either a finite
rank free group or of cardinality 2ℵ0 (Theorem 5). In case Torfree(H1(X)) is a finite
rank free group we have countable Hom(π1(X),Q). Suppose Torfree(H1(X)) has
cardinality 2ℵ0 . Recall that the rank of an abelian group A is the rank of the
largest free abelian group in A, and satisfies the inequality card(A) ≤ rank(A)ℵ0.
Thus Torfree(H1(X)) has a free abelian subgroup F of rank 2
ℵ0 . There are 22
ℵ0
many homomorphisms from F to Q, and since Q is an injective Z-module, each
of these homomorphisms extends to all of Torfree(H1(X)). This establishes 22
ℵ0
many distinct homomorphisms from Torfree(H1(X)) to Q, and there cannot be
more than 22
ℵ0
, so we are done. 
4. A strong abelianization
We introduce a notion of strong abelianization:
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Definition 9. If X is a path connected metrizable space, define H1(X) to be
the quotient π1(X)/[π1(X), π1(X)] where G is defined to be the smallest closed
subgroup containing G ≤ π1(X).
The strong abelianizationH1(X) corresponds more with our intuition of abelian-
ization for the fundamental group of a space and we shall see that it is easier to
understand. We establish some functorial properties.
Theorem 10. Suppose that Xn is a path connected metrizable space for each
n ∈ ω. Then H1(∏nXn) ≃∏nH1(Xn).
Proof. For each n ∈ ω fix a point xn ∈ Xn and assume without loss of generality that
diam(Xn) ≤ 2
−n. Let x = {xn}n∈ω ∈ ∏ωXn = X . The loop space Lx is homeomor-
phic to the space ∏n∈ω Lxn (see Lemma 3.8 in [Co]) and so can be metrized with
the metric inherited by the product metric. Let pn ∶ Lx → Lxn denote projection
to the n-th coordinate.
Supposing l, l′ ∈ Lx we have that the loop l ∗ l′ ∗ l−1 ∗ (l′)−1 projects under pn to
pn(l) ∗ pn(l′) ∗ pn(l)−1 ∗ pn(l′)−1. Thus by taking products we see that the com-
mutator subgroup [π1(X), π1(X)] is naturally a subgroup of ∏n[π1(Xn), π1(Xn)].
For each n ∈ ω the map ιn ∶ Lxn → Lx which takes a loop l ∈ Lxn to the loop l
′ ∈ Lx
such that pn(l
′(s)) = l(s) and pm(l
′(s)) = xm for m ≠ n demonstrates the inclusion
⊕n[π1(Xn), π1(Xn)] ≤ [π1(X), π1(X)].
For each n we have that the continuous preimage p−1n∗([π1(Xn), π1(Xn)]) =
∏m<n π1(Xm) × [π1(Xn), π1(Xn)] ×∏m>n π1(Xm) is closed and contains the sub-
group ∏n[π1(Xn), π1(Xn)]. Hence the intersection over n ∈ ω of all such groups,
∏n [π1(Xn), π1(Xn)], contains the subgroup [π1(X), π1(X)]. On the other hand
we have the inclusion⊕n[π1(Xn), π1(Xn)] ≤ [π1(X), π1(X)]. Since the set of loops
⋃⊕n[π1(Xn), π1(Xn)] is dense in the set of loops ⋃∏n[π1(Xn), π1(Xn)] we see
that ⊕n[π1(Xn), π1(Xn)] =∏n[π1(Xn), π1(Xn)]. The equality
∏
n
[π1(Xn), π1(Xn)] =∏
n
[π1(Xn), π1(Xn)]
is similarly clear and so we see that ∏n [π1(Xn), π1(Xn)] = [π1(X), π1(X)] from
which we get the isomorphism H1(∏nXn) ≃∏nH1(X). 
Example 2. The circle S1 is a semilocally simply connected metric space whose
fundamental group is isomorphic to Z, and so we can compute the strong abelianiza-
tion of the infinite torus by the above theorem: H1(T∞) ≃∏n∈ωH1(S
1) ≃∏n∈ω Z.
The standard abelianization of abstract groups does not behave in nearly so
nice a manner. If G = ∏n∈ωGn is a product of groups, then the abelianization
of G needn’t be the product of abelianizations of the Gn, since an element of
[G,G] needs to have finite commutator length and elements of ∏n[Gn,Gn] can
have infinite commutator length.
Definition 11. Let Xn be a sequence of metrizable spaces with distinguished
points xn. Using a cutoff metric if necessary we endow each space with metric dn
such that diam(Xn) ≤ 2
−n. Define the shrinking wedge of spaces ⋁sn∈ω(Xn, xn)
to be the set which identifies the points xn, with topology given by the metric
d(y, z) =
⎧⎪⎪
⎨
⎪⎪⎩
dn(y, z) if y, z ∈ Xn
dn(y, xn) + dm(z, xm) if y ∈Xn ∖ {xn}, z ∈Xm ∖ {xm} with m ≠ n
. It
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is not difficult to see that the topology does not depend on the metrics chosen and
is homeomorphic under any reordering of the index set. If we let all but finitely
many of the spaces Xn be a single point then we obtain the standard (finitary)
wedge of spaces.
Theorem 12. If {(Xn, xn)}n∈ω is a collection of path connected, metrizable pointed
spaces then H1(⋁sn∈ω(Xn, xn)) ≃∏n∈ωH1(Xn).
Proof. Let (X,x) = ⋁sn∈ω(Xn, xn) and f ∶ X → ∏n∈ωXn be the obvious map.
That f∗ is onto follows from the fact that dn ≤ 2
−n. As f is continuous we know
the subgroup (f∗)
−1([π1(∏n∈ωXn), π1(∏n∈ωXn)]) is a closed subgroup of π1(X,x)
and must contain the commutator subgroup. For eachm let rm ∶ (X,x) → (Xm, xm)
be the retraction which takes all subspaces Xn to the point xm whenever n ≠m.
Suppose l ∈ Lx. For each m ∈ ω let Im be the set of those maximal closed
intervals [a, b] ⊆ [0,1] with nonempty interior such that l∣[a, b] is a loop in Xm
with a = inf{s ∈ [a, b] ∶ l(s) ≠ xm} and b = sup{s ∈ [a, b] ∶ l(s) ≠ xm}. Write
Im = {Im,0, Im,1, Im,2, . . .} so that the length of Im,k is at least as great as the
length of Im,k+1. Then each Im consists of disjoint closed intervals and the collection
I = ⋃m Im consists of nonoverlapping intervals, which has a natural ordering by
comparing elements in the interior of I and I ′ under the natural ordering of [0,1].
The loop l is equivalent over [π1(X,x), π1(X,x)] to the loop l
′ which has inf(I0,0) =
0, and sup(I0,0) equal to the length of I0,0 and all the other relative positions of the
elements of I unchanged. This loop l′ is in turn equivalent over [π1(X,x), π1(X,x)]
to the loop l′′ which has I0,0 in the same position as l
′ has and I0,1 immediately
to the right of I0,0 (now I0,0 and I0,1 are no longer disjoint). Continuing in this
manner we get loops l′′′, etc., which are equivalent to l over [π1(X,x), π1(X,x)]
with more and more of the elements of I0 adjacent to each other. Taking the limit
of these loops we see that l is equivalent to a loop l0 over [π1(X,x), π1(X,x)] such
that l0∣[0, s0] is a loop lying in X0 with l0(s) ∉ X0 ∖ {x0} for all s ∈ [s0,1]. Now we
perform the same process to the loop l0∣[s0,1] to obtain a loop l1 which is equivalent
over [π1(X,x), π1(X,x)] to l such that l0∣[0, s0] = l1∣[0, s0] and l1∣[s0, s1] is a loop
in X1 and l1(s) ∉ X1 ∖ {x1} for all s > s1. Continue in this process to get loops
l2, l3,⋯ such that the analogous relations hold. Since the lengths of the elements
of I must add to a number at most 1, we may take a limit again and see that l is
equivalent over [π1(X,x), π1(X,x)] to a loop l˜ such that l˜∣[0, s0] is a loop in X0
and l˜(s) ∉X0∖{x0} for all s > s0, l˜∣[s0, s1] is a loop in X1 such that l˜(s) ∉X1∖{x1}
for s ∉ [s0, s1], and in general l˜∣[sn−1, sn] is a loop in Xn such that l˜(s) ∉Xn ∖{xn}
for s ∉ [sn−1, sn].
Now consider a loop l ∈ ⋃f−1∗ ([π1(∏n∈ωXn), π1(∏n∈ωXn)]) where without loss
of generality l is of the form l˜ as in the preceeding paragraph. We have p0 ○
f ○ l∣[0, s0] = r0 ○ l∣[0, s0] is a loop in [π1(X0), π1(X0)] by the proof of Theorem
10. Then l∣[0, s0] is a loop in [π1(X0), π1(X0)] by considering the inclusion map
(X0, x0) → (X,x). Then l is equivalent over [π1(X,x), π1(X,x)] to a loop l0 such
that l∣[s0,1] = l0∣[s0,1] and l(s) = x for all s ∈ [0, s0]. Continuing in this fashion and
taking a limit we see that l is equivalent over [π1(X,x), π1(X,x)] to the constant
loop at x. This gives us the reverse containment. 
Example 3. Recall the Hawaiian Earring E = ⋃n∈ω C((0,
1
n+2
), 1
n+2
) ⊆ R2, with
C(p, r) the circle centered at point p of radius r. Clearly E is a shrinking wedge of
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countably many circles. Thus H1(E) ≃ ∏n∈ω Z. This computation concides with
the standard short proof that H1(E) is uncountable which is given by mapping onto
the fundamental group of the infinite torus. The first homology was computed by
K. Eda in [E1] to be isomorphic to ∏n∈ω Z⊕⊕2ℵ0 Q⊕⊕pAp where Ap is the p-dic
completion of the free abelian group of rank 2ℵ0 .
We note that first homology does not behave this nicely even under a wedge of
two spaces, by observing the following theorem of Eda (see [E2]):
Theorem. Letting (X,x) and (Y, y) be arbitrary pointed spaces we have that
H1((X,x) ∨ (Y, y)) ≃ H1(X) ⊕ H1(Y ) ⊕ H1(C(X,x) ∨ C(Y, y)) where C(W,w)
denotes the cone of the space W with distinguished point (w,0) in the cone.
The homology group H1(C(X,x) ∨C(Y, y)) is often nontrivial, so the standard
first homology is in some ways less wieldy.
5. Borel subgroups
We show that the fundamental group of the Hawaiiam earring E (see Example
3) exhibits subgroups of an arbitrarily high Borel complexity, as well as a subgroup
which is analytic and not Borel. For a Polish group G we say H ≤ G is of pointclass
P if and only if H is of pointclass P as a subset of G.
Select a point x in the circle S1 and let x = (x,x, . . .) ∈ ∏ω S
1 = T∞. Let
l ∈ Lx,S1 be a loop such that [l] generates π1(S
1, x) ≃ Z. Let g ∶ Lx,S1 → Z be
given by [l]↦ 1 and mapping all loops in all other equivalence classes by [lm]↦m
for all m ∈ Z. Viewing Z as a discrete topological space (which endows Z with
a Polish group topology), the map g is continuous since each homotopy class in
π1(S1, x) is clopen in the space Lx,S1 (this follows from the fact that S
1 is locally
path connected and semi-locally simply connected, see Proposition 2.10 in [Co]).
Letting j ∶ Z → Lx,S1 be defined by j(m) = lm, it is clear that j is also continuous
and that g ○j is the identity map on Z and j ○g selects the representative lm ∈ [lm].
Defining g ∶ ∏ω Lx,S1 → ∏ω Z and j ∶ ∏ω Z → ∏ω Lx,S1 coordinatewise it is clear
that g and j are continuous and that g ○ j is identity on ∏ω Z and j ○ g selects the
representative (lm0 , lm1 , . . .) ∈ [(lm0 , lm1 , . . .)]. It is a straightforward exercise to
check that the loop space Lx,T∞ is homeomorphic to the product ∏ω Lx,S1 in the
obvious way (see Lemma 3.8 in [Co]).
Lemma 13. Suppose P is a pointclass defined for Polish spaces which is closed
under continuous preimages. Then G ≤∏ω Z is P if and only if G is P as a subgroup
of π1(T∞, x).
Proof. Suppose G is a P subgroup of the Polish group ∏ω Z. The set of loops in
π1(T
∞, x) corresponding to G is precisely g−1(G), so G is P when considered a
subgroup of π1(T
∞, x).
Supposing G to be P as a subgroup of π1(T
∞, x), the set j
−1
(⋃G) ⊆ ∏ω Z
corresponds precisely to G considered as a subset of ∏ω Z, so G is P in the Polish
group ∏ω Z. 
Next we draw a correspondence between subgroups of π1(T
∞, x) and certain of
the subgroups of π1(E, (0,0)). Let f ∶ E → T∞ = ∏ω S
1 be the standard mapping
from the Hawaiian earring defined by mapping the n-th circle to the circle in T∞
at the n-th coordinate. This is a continuous, onto mapping. The map f defines a
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continuous f ∶ L(0,0),E → Lx,T∞ by composition: f(l) = f ○ l. Define k ∶ Lx,T∞ →
L(0,0),E by having k(l)∣[1−2−n,1−2−n−1] trace out the loop pn ○ l on the n-th circle
of the Hawaiian earring and having k(l)(1) = (0,0). That k is continuous is easy
to check. We also have the relations f ○ k(l) ∈ [l].
Lemma 14. Suppose P is a pointclass defined for Polish spaces which is closed
under continuous preimages. Then G ≤ π1(T
∞, x) is P if and only if f−1∗ (G) is P .
Proof. If G ≤ π1(T∞, x) is P then ⋃f−1∗ (G) = f
−1
(⋃G) is also P . Now suppose
that f−1∗ (G) is P . We shall be done if we prove the equality k
−1
(⋃f−1∗ (G)) = ⋃G.
If l ∈ ⋃G we already noted above that f ○ k(l) ∈ [l] ∈ G so that k(l) ∈ ⋃f−1∗ (G)
and l ∈ k
−1
(⋃f−1∗ (G)). On the other hand, if l ∈ k
−1
(⋃f−1∗ (G)) we know k(l) ∈
⋃f−1∗ (G) so that [k(l)] ∈ f
−1
∗ (G) and [f ○ k(l)] ∈ G. But [f ○ k(l)] = [l], so l ∈ ⋃G
and we are done.

We recall the Borel pointclass hierarchy (see [Ke]). If Z is a Polish space let
Σ01(Z) denote the collection of open subsets of X , Π
0
1(Z) the collection of closed
subsets and ∆01(Z) = Σ
0
1(Z)∩Π
0
1. For each ordinal 1 < γ < ω1 define the following:
(1) Σ0γ(Z) is the collection of countable unions of sets in ⋃ǫ<γ Π
0
ǫ(Z)
(2) Π0γ(Z) is the collection of countable intersections of sets in ⋃ǫ<γ Σ
0
ǫ(Z)
(3) ∆0γ(Z) = Π
0
γ(Z)∩Σ
0
γ(Z)
These pointclasses arrange neatly into an array scheme:
Σ01(Z) Σ
0
2(Z) ⋯
∆01(Z) ∆
0
2(Z) ⋯
Π01(Z) Π
0
2(Z) ⋯
Each pointclass contains all pointclasses to the left, and if Z is an uncountable
Polish space the containments are strict. The class of Borel subsets of Z is easily
checked to be ⋃γ<ω1 Σ
0
γ(Z), which is equal to ⋃γ<ω1 Π
0
γ(Z). These pointclasses give
a natural way of organizing the Borel sets according to complexity. We shall say
a subset W ⊆ Z is a true P set provided it is a P set and is not in any of the
pointclasses to the left of P . Each of these pointclasses is closed under continuous
preimages.
The class Σ11(Z) is defined to be the class of all analytic subsets of Z, Π
1
1(Z) is
the class of complements of analytic sets and ∆11(Z) = Σ
1
1(Z)∩Π
1
1(Z). As all Borel
sets are analytic we know the class of Borel subsets of Z is contained in ∆11(Z),
and a theorem of Suslin states that in fact ∆11(Z) is precisely the class of Borel
sets. Analogously a subset W ⊆ Z is true analytic provided W is analytic and
not Borel.
We have the following theorem of Farah and Solecki (Theorem 2.1 in [FS]):
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Theorem. If Γ is an uncountable Polish group then for each ω1 > γ ≥ 2 there exists
a subgroup which is true Σ0γ in Γ and for each ω1 > γ ≠ 2 there is a subgroup which
is true Π0γ as a subspace of Γ.
As a consequence of Theorem 1.2 in [DL] we also get the following:
Theorem. If Γ is an uncountable abelian Polish group then Γ has a subgroup
which is true analytic.
These results lend a robustness to the theory of Borel and analytic subgroups of
Polish groups. As a consequence, a comparable robustness holds for subgroups of
the Hawaiian earring fundamental group, which is summarized in the following:
Theorem B. The fundamental group π1(E) has normal subgroups of the following
types:
(1) true Σ0γ for ω1 > γ ≥ 2
(2) true Π0γ for each ω1 > γ ≠ 2
(3) true analytic
Proof. The items (1) and (2) follow directly from the stated theorem of Farah and
Solecki, for if G ≤ ∏n∈ω Z is true P , then considering G as a subgroup of π1(T
∞)
we have that G is true P , and so f−1∗ (G) must also be true P (by Lemmas 13 and
14). Item (3) follows in the same way, from the consequence of [DL]. 
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